Abstract: In this article a theory of fractional powers of a singular hyperbolic operator on arbitrary spaces is discussed. We consider the problem of inversion of the mixed hyperbolic Riesz B-potential operator on weighted Lebesgue spaces. We apply here the method of approximative inverses.
1. Introduction
Brief History
In this paper, we study the inversion of an integral operator of the mixed hyperbolic Riesz B-potentials which is a fractional power of the operator
where γ 1 > 0, ..., γ n > 0 and (B γ i ) Bessel operator. The potential theory comes from mathematical physics. The most wellknown areas of its application are electrostatic and gravitational theory, probability theory, scattering theory, biological systems and other. In mathematics, the Newton potential is an operator that acts as the inverse to the negative Laplacian. Thus, the Newton potential can be interpreted as the negative power of the Laplace operator. The Hungarian mathematician Marcell Riesz was the first who consider the fractional negative powers of the Laplace operator, what is now called the Riesz potentials (see [1] , [2] ). Riesz also introduced potentials with Lorentz distances which are the fractional negative powers of the D'Alembert operator. Further study, properties, and applications of classical Riesz potentials could be found in books [3] Along with operators representing fractional powers of ordinary derivatives, the theory of fractional powers of differential operators related to the Bessel operator
The theory of fractional powers of elliptic operators involving Bessel operators instead of all or some second derivatives is well developed. Such operators in the case of negative powers are analogues of the Riesz potentials with Euclidean distance, and for them the term elliptic B-potentials is accepted. Elliptic B-potentials and its inverses have been studied in papers [12] - [26] and this list is not complete. It is interesting that the Bessel operator and the hyper-Bessel operator could be considered as generalized fractional derivatives too (see [27] , p. 97). In [27] , p. 18 a hypergeometric fractional integral was investigated which is the fractional power of the Bessel operator in particular case.
The fractional powers of hyperbolic operators with Bessel operators instead of all or some second derivatives are much less investigated despite the fact that its study opens the widest possibilities for theoretical researches and practical applications not only of singular differential equations but also differential geometry (see [28, 29] ). When the power is negative such operators are called hyperbolic B-potentials. Some results for hyperbolic B-potentials could be found in [30] - [33] .
In this paper we obtain the inverse operator to the mixed hyperbolic Riesz Bpotentials. This potential is the negative real power of the hyperbolic operator (1). In our research we rely on methods developed in papers [34] - [41] . Namely, we use the methods of such transmutation operators as a generalized translation and the Poisson operator (see [34] - [38] ), weighted spaces (see [39] - [41] ) and methods of classical Riesz potentials (see [28] - [47] ).
Basic Definitions
In this subsection we give shortly basic notations, terminology and results used in the article.
Suppose that R n+1 is the n + 1-dimensional Euclidean space,
is a multiindex consisting of positive fixed real numbers γ i , i=1, ..., n, and |γ|=γ 1 +. . .+γ n . Let Ω be a finite or infinite open set in R n+1 symmetric with respect to each hyperplane
We deal with the class C m (Ω + ) consisting of m times differentiable on Ω + functions and denote by C m (Ω + ) the subset of functions from C m (Ω + ) such that all existing derivatives of these functions with respect to x i for any i = 1, ..., n are continuous up to x i =0 and all existing derivative with respect to t are continuous for t ∈ R. The class C m ev (Ω + ) consists of all functions from C m (Ω + ) such that
2 and for i = 1, ..., n (see [39] and [40] , p. 21). In the following we will denote C m ev (R n+1
with intersection taken for all finite m.
is the space of all functions f ∈C ∞ ev (Ω + ) with a compact support. We will use the notation
be the space of all measurable in Ω + functions such that
where and further
The weighted measure of Ω + is denoted by mes γ (Ω + ) and is defined by the formula
For every measurable function f (x) defined on R n+1 + we consider
where 
Functionals u ∈ D ′ + (Ω + ) acting by the formula (2) will be called regular weighted functionals. All other continuous linear functionals u ∈ D ′ + (Ω + ) will be called singular weighted functionals. We will use the notation D ′ + = D ′ + (R + ). The generalized function δ γ is defined by the equality by analogy with ( [40] , p. 12)
We will use the generalized convolution product defined by the formula
where γ T y x is multidimensional generalized translation
Each of one-dimensional generalized translations γ i T y i
x i is defined for i=1, ..., n by the next formula (see [34] , p. 122, formula (5.19))
As the space of basic functions we will use the subspace of rapidly decreasing functions:
where α = (α 1 , ..., α n ), β = (β 0 , β 1 , ..., β n ), α 0 , α 1 , ..., α n , β 0 , β 1 , ..., β n are arbitrary integer nonnegative numbers,
, j = 1, ..., n. In the same way as D ′ + we introduce the space S ′ ev . In fact we identify S ′ ev with a subspace of D ′ + since D + which is dense in S ev .
Let Ψ γ,V denote the following class of functions
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Basic Properties of Mixed Hyperbolic Riesz B-Potential
Let |x| = x 2 1 + ... + x 2 n . First for (t, x) ∈ R n+1 + , λ ∈ C we define function s λ by the formula
N (α,γ,n) , when t 2 ≥ |x| 2 and t ≥ 0; 0, when t 2 < |x| 2 or t < 0,
where
Regular weighted generalized function corresponding to (5) we will denote by s λ + .
We introduce the mixed hyperbolic Riesz B-potential I α s,γ of order α > 0 as a generalized convolution product (3) 
The precise definition of the constant N (α, γ, n) allows to obtain the semigroup property or index low of the potential (7). We can rewrite formula (7) as
. For the following estimate
to be valid it is necessary and sufficient that q = (n+|γ|+1)p n+|γ|+1−αp . The constant M does not depend on f .
Remark. By virtue of (9) there is unique extension of
preserving boundedness when n + |γ| − 1 < α < n + |γ|. It follows that this extension is introduced by the integral (8) from its absolute convergence.
Theorem 2. For f ∈ S ev the Fourier-Hankel transform of the mixed hyperbolic Riesz potential I α s,γ f is defined by the formula
Inversion of the Mixed Hyperbolic Riesz B-Potential
For the inversion of the potential (7) we will use approach based on the idea of approximative inverse operators (see [28, 29] ). This method gives an inverse operator as a limit of regularized operators. Namely, taking into account the formula (10) we will construct inverse operator for the potential (7) in the form
where the limit is understood in the norm L γ p or almost everywhere. Let
Theorem 3. The function g α,γ,ε (t, x) belongs to the space L r,γ , 1 < r < ∞ with additional restriction 2(n+|γ|)−1 2(n+|γ|)−2 < r for n + |γ| − 1 < α < n + |γ| when n + |γ| + 1 is odd. Now we introduce the homogenizing kernel N γ (t, x, ε) which is defined as follows
, where x = (x 1 , ..., x n ), ε > 0,
We give some properties for the function N γ (t, x, ε) proved in [32] for a more general case.
Theorem 4. The homogenizing kernel N γ (t, x, ε) has the properties:
Then (N γ,ε f )(τ, y) converges to f (τ, y) almost everywhere for ε tending to zero:
Proof. Let us consider
The inner integral is estimated using Theorem 2, pp. 315 from [18] (see also [19] ) and this estimate has the form
where M x is the maximal function (see [18] pp. 313). Applying now Stein's theorem (see [4] , pp. 77, Theorem 2) we obtain the following estimate
is the maximum function with respect to the cylinders in R n+1 + with centers at the point ξ. Now the existence of the limit is proved also as in the book [4] , pp. 58. Theorem 6. Let n + |γ| − 1 < α < n + 1 + |γ|, 1 < p < n+1+|γ| α with the additional restriction p < 2(n+1+|γ|)(n+|γ|) n+|γ|+3α(n+|γ|) when n + |γ| − 1 < α < n + |γ| and n is odd. Then for f (x) ∈ L γ p the following representation is true
Proof. Let us consider the operator (I α s,γ ) −1 ε I α s,γ . The following Young inequality for generalized convolution is well known (see, for example, [48] ):
Using (12) we obtain that the operator is bounded from L p,γ to L ,γ where 1 = 1 r + 1 q − 1, r = (n+1+|γ|)p n+1+|γ|−αp , q satisfies the conditions of Theorem 2. The operator N γ,ε the operator is bounded in L p,γ . Therefore, it suffices to verify equality on a weighted Lizorkin space Φ V,γ which is dense in L p,γ (see [49] , [50] ), where V = {τ 2 − |ξ| 2 = 0} ∪ {τ = 0} ∪ {ξ i = 0, i=1, ..., n}, (τ, ξ) ∈ R n+1 + . Thus 
Applying the inverse Fourier-Hankel transform to (13), we get (11).
Theorem 7. Let n + |γ| − 1 < α < n + 1 + |γ|, 1 < p < n+1+|γ| α with the additional restriction p < 2(n+1+|γ|)(n+|γ|) n+1+|γ|+2α(n+|γ|) when n + |γ| − 1 < α < n + |γ| and n is odd. Then This theorem follows from Theorem 6 and Theorem 5.
